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Methods for fusing multiple classifiers

Methods for fusing multiple classifiers can be classified according
to the type of information produced by the individual classifiers
(Xu et al., IEEE-T on SMC, 1992):

Abstract-level outputs: each classifier outputs a unique class label
for each input pattern

Rank-level outputs: each classifier outputs a list of possible classes,
with ranking, for each input pattern

Measurement-level outputs: each classifier outputs class
“confidence” levels for each input pattern

For each of the above -categories, methods can be further
subdivided into:

Integration vs. Selection rulesand Fixed rules vs. Trained Rules
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Methods for fusing multiple classifiers

: Selection
ntegration Abstract-level

Measurements-level

Rank-level
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Fixed Rules at the abstract-level

The MajorityVoting Rule

Let us considerthe N abstract(QrispQ classifiersoutputsS®, ...,
SV associated tohe pattern.

Majority Rule: Class label C. is assigned to the pattern x if G is the
most frequent label in the crisp classifiers outputs.

/'{ Classifier 1 S(l)=¢

x E R Classifier 2

\ Classifier 3 §6)=a
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Majority Vote Rule

Usually N is odd.

The frequency of the winner class must be at [@9&t]

If the N classifiers make independenterrors and they have the
sameerror probability e<0.5, then it can be shownthatthe error E
of the majority voting rule is monotonically decreasingin N
(Hansen an&alamon IEEE-T on PAMI, 1990):

_ N BNV % .
lim * o ‘e@! &)V'* =0
M

N

» Clearly, performance®f majority vote quickly decreases$or
dependent classifiers
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Majority Vote Rule vs. Classifiers Dependency: An Example

Classifier Abstract Outputs | Mgority | True
¥ Classifiers C1 2 C3 Class Class

¥TWo class task 0) 0)

Classifiers C1 and
C3

exhibit error
correlations

P(1|O,LO)EP(O|O,LO)

R PP O OO O
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R O R, ORI O|IF|O

0
1
1
0
0
1
1
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Trainable Rules at the abstract-level

Rules basedn theBayes Approach

This kind of trained fusion rules are based on the Bayes
approach

Patternx is assigned tthe clasg;, If its posteriorprobability:

P(c, |SY,8%,...8") > P(c,|8Y,89,..,") W] = i

S E{CLCZ,...,CK}

Fusionrules basedon the BayesFormulatry to estimate,by an
Independentalidationset,theseposterior probabilities

> This fusion rule coincides with the multinomial statistical

classifier, that 1s, the optimal statistical decision rule for discrete-
valued feature vectors (Raudys and Roli, MCS 2003)
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Behaviour Knowledg&pace (BKS)

*In the BKS method, every possible combination of abstract-level
classifiers outputs 1s regarded as a cell in a look-up table.

*Each cell contains the number of samples of the validation set
characterized by a particular value of class labels.

*Reject option by a threshold i1s used to limit error due to
“ambiguous” cells

Classifiers outputsSih), S2), S9)
Class 0,0,0 0,0,1 0,1,0 0,1,1 1,0,0 1,0,1 1,1,0 1,1,1
o) 100 20 76 89 54 /8 87 )
1 8 88 17 95 20 90 95 100

P(c=0|S"=0,S® =1,8% =0)= 5 _082s1h
76+17
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BKS Small-Sample Size Drawback

¥ If k is the number of classesand N is the number of the
combined classifiers BKS requires to estimate kN posterior
probabilities

¥ K andN aretwo critical parametefor the BKS rule, because
the number of posterior probabilities to estimate increases
very quickly.

If this numberis too high, we can have seriousproblems
becaus¢he numberof trainingsample isoften small.

. =

BKS rule suffers a lot from the small sample size problem
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BKS Improvements

¥n order to avoid the small sample size problem:

-we cantry to reducethe numberof the parameter$o estimatgXu
et al., 1992 ; Kang, andLeg 1999)

For example under the assumptionof classifier independence
giventhe classXu et al., 1992):

P(SY,...S™M ) =TTP(SY |¢) = [TP(c | S")-P(S™)
J J

bel (i) = P(c | S©,...,8™M) =" P(c | S")

J

-We canusenoiseinjectionto increasesamplesize of training set
(Roli, Raudys Marcialis MCS 2002)
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BKS Improvements

e[f the number of classifiers 1s small, BKS cells can become
“large” and contain vectors of different classes, that 1s, ambiguous
cells can exist.

Class 0,0,0 0,0,1 0,1,0 0,1,1 1,0,0 1,0,1 1,1,0 1,1,1
0 100 50 51 89 54 /8 87 5
1 8 88 50 95 20 90 95 100

Raudys and Roli (MCS 2003) proposed a method to address this 1ssue
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Remarks on Abstract Level Fusers

¥ Abstract level methods are the most general fusion rules

¥T'hey can be appliedto any ensembleof classifiers,evento
classifiers of different types

¥T'he majority voting rule is the simplest combining method
Prhis allows theoretical analyses (Lam &hen 1997)

¥When prior performancas not consideredthe requirements
of time and memory are negligible

¥As we proceedfrom simple rules to adaptive (weighted
voting) andtrained(BKS, Bayesiarrule) the demandn time
and memory quickly increase

¥Trainedrulesimposeheavydemand®n the quality andsizeof
data set
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Rank-level Fusion Methods

Someclassifiersprovide classGcore€) or somesort of class
probabilites

This informationcanbe used tdankOeachclass.

;!#pcl :0.1%
Classifier ——— #P, =0.758 —

#}(p% = O.lS%

In general if Q ={c,,...,c,} iIsthesetof classestheseclassifiers
canprovide anrdered(ranked list of clasdabels
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The BordaCount Method an example

LetN=3 and k=4Q ={ a, b, ¢, d }.
For a given pattern,the rankedoutputsof the threeclassifiers
areas follows:

Rank value Classifier 1 Classifier 2 Classifier 3

4 c a b
b
d

3 b
2 d
1

a C
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The BordaCount Method an example

So,we have
r D 4+ 4+ =14+44+3=8

rb(l) +7 +7) =34+3+4=10

r D+ D =44+14+2=7

(&

rD +7P D =24+2+1=5

The winnerclassis b becausat hasthe maximum overall
rank
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Remarks on Rank level Methods
¥ Advantages over abstract level (majority vote):

Branking is suitable in problems with many classes, where the correct
class may appear often near the top of the list, although not at the top

» Example: word recognition with sizeable lexicon

¥Advantages over measurement level:
Brankings can be preferred to soft outputs to avoid lack of consistency

when using different classifiers

Brankings can be preferred to soft outputs to simplify the combiner
design

YDrawbacks:

BRank-level methods are not supported by clear theoretical
underpinnings
PResults depend on the scale of numbers assigned to the choices
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Measurement-level Fusion Methods

Classifierl

EEEE
Classifier;
EEEE

arg max p;
i

ClassifierN

»Normalization of classifiers outputs is not a trivial task when
combiningclassifierswith different outputrangesanddifferent output
types (e.g., distances vs. membership values).
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Linear Combiners

P (X) = > ::I=1 W, B (X)

*Simple and Weighted averaging of classifiers’ outputs

¥Simple averages the optimal fuser for classifierswith the same

accuracyand the same pair-wise correlations(Fumeraand Roli,
IEEE-T on PAMI, 2005)

*Weighted average 1s required for imbalanced classifiers, that is,
classifiers with different accuracy and/or different pair-wise
correlations (Fumera and Roli, 2005)

¥mprovementof weighted average over simple average has been
investigated theoretically and by experiments (Roli andFumera
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Bias/Variance Analysisin Linear Combiners

¥ The Gxddederror over the Bayesone canbe reducedby linear
combinationsof classifiersoutputs(Tumerand Ghosh Roli and
Fumera

Added Error
.

Bayes Error
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Bias/Variance Analysisin Linear Combiners

Correlated and Unbiased Classifiers

*Added error of the simple average of N classifiers (Tumer and Ghosh):

ECZV@ — Eadd (1+ (N_1)6 )

add

N

*The reduction of variance component of the added error achieved
by simple averaging depends on the correlation factor 0 between

the estimation errors

»Negatively correlated estimation errors allow to achieve a greater
improvement than independent errors
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Bias/Variance Analysisin Linear Combiners

Correlated and Biased Classifiers

*Added error of the simple average of N classifiers (Tumer and Ghosh):

$1+(N &1)! % _
Eop=on ( ) (7 7))
> )
»Simple averaging is effective for reducing the variance
component, but not for the bias component

» So, individual classifiers with low biases should be preferred

Analysis of bias/variancefor weightedaveragecan be found in
(Fumeraand Roli, IEEE-T on PAMI, 2005)
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Productand Order Statistics Fusers

p=P V(1 Ve pl, i=1.k
j=1

tEProduct is obviously sensible to classifiers outputting
probability estimates close to zef@yeroonfideniOclassifiersg

Fusers based ader statisticoperators areax, min, andmed:

P (x)=p "N (x), i=1...,k
P (x) = p™N(x), i=1...k

: E:N I\I—+1:N

"p2 (xX)+p 2 (x)
pimed(x) — 2

L1 N-I—l

$p 2 (x) if N isodd

If N IS even
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A Theoretical Framework

¥ A theoreticalframeworkfor the product, min, med and max
fusers was established by J. Kittler et al. (1998)

¥These rules can be formally derived assumingthat the N
iIndividual classifiers usdistinct feature vectors

Bthe productand min rules are derivedunderthe hypothesis
that classifiers areonditionally statistically independent

Bsum, max, median rules are derived under the further
hypothesighatthe a posteriori probabilitiesestimatedoy the

classifiersdo not deviatesignificantly from the class prior
probabilities
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Fusers with Weights

A natural extensionof many fixed rules is the introduction of
weightsto the outputsof classifiers(weightedaverage weighted
majority vote)

A simple criterion is to introduce weights proportional to the
accuracy of each individual classifier

Weightsrelatedto classescan also be computedby extracting
them from the confusion matrix of each classifier

»Methodsfor robust weights estimationare a matter of on-
going research
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CstackedFusion

The k soft outputs of the N individual classifiers,p/(x), i=1,E ,
j=1,E N, can be consideredas features of a new classification
problem ¢lassifier-output feature space)

Classifiers can be regarded as feature extractors !

Another classifier can be used as fuser: this is the so-called
“stacked” approach (D.H. Wolpert, 1992), or “meta-
classification” (Giacinto and Roli, 1997), or ‘“brute-force”
approach (L.I. Kuncheva, 2000)

¥To train the metaclassifier the outputs of the N individual
classifierson an independent validationsetmust be used

> Expert©Boasting Issué (Raudys IEEE-T on PAMI, 2003)

»An independent validationsetis required
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Prosand Consof the Gstacke®approach

Pros:

¥he meta-classifier can work inGanrichedfeature space
¥No classifiers dependency model is assumed

Cons:

¥The dimensionalityof the outputspaceancreasewvery fast
with the number of classes and classifiers.

¥The meta-classifieishouldbe trainedwith a dataset different
from the one used for the individual classifiers (Expert©
Boasting Issue)

¥The space otlassifiers outputs might not be wdbehaved
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Classifier Selection

Goal: for eachinput pattern,selectthe classifier, if any, able to
correctly classify it

Problem formulation

R2

Two dimensional feature space \
Partitioned in 4 regions

R3

»Easyto seethat selectionoutperformsandividual classifiersif
| am able to seledhe bestlassifier for each region

» Two critical issuesi)definition of regions ii)selection algorithm
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Classifier Selection

Two main approaches tesign aclassifier selectiosystem:

Static vs. Dynamic Selection

Static Selection

¥Regionsare defined before classification
¥-or each regiomaresponsible classifier is identified

¥Regionscanbe definedn different ways

¥Histogrammethod Spacepartitionin GinsO

¥Clustering algorithms
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Classifier Selection

Dynamic Selection

SELECTION CONDITIONS basedon estimatesof classifiers

accuraciesin local regions of feature space surroundingan
unknowntest patterrX (Neighbourhood(X))

X A
2 Test Pattern X

+— . .
Validation Patterns

Neighbourhood(X)

See workof Woods etd.; Giacinto andRoli
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Selection Condition: An Example

% Test Pattern X

+— . .
Validation Patterns

Neighbourhood(X)

»Woodset al. (1997) simply computedclassifierlocal accuracyas
the percentag®f correctly classified patterna theneighbourhood

»Glacinto and Roli (1997, etc) proposed some probabilistic

measures ﬂ)
5 VPN w | X Ew) W
P(carrectj IX*) = P! (sz‘ Ew) W,

En=1W;a
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Some remarks on classifier selection

¥Theoretically GocalOfusionrules can outperform@jlobalO
ones

¥Selectioncaneffectively handle correlated classifiers

¥Mn practice largeand representativelata sets are necessary
to design agood selectiorsystem

¥rurtherwork is necessaryo developQobusO methodsfor
estimating classifier local accuracy

»Works on Adaptive Mixtures of Local Experts(M. Jordan et
al.), not discussedfor the sake of brevity, can be regardedas
methods for dynamic classifier selection
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Final Remarks on Fixed vs. Trained Fusers
¥ Fixed rules

BSimplicity

BL.ow memory and time requirements

PWell-suitedfor ensemble®sf classifierswith independent/low
correlated errors and similar performances

¥Trained rules
-Flexibility: potentially better performances than fixed rules

-Trained rules are claimed to be more suitable than fixed one
for classifiers correlated or exhibiting different performances

BPHigh memory and time requirements

» Heavy demands on the quality and size of the training set
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MCS DESIGN

Parts 2 and 3 showed that designer of MCS has a toolbox
containing a large number of instrumentsfor generatingand

fusing classifiers

Two maindesignapproaches have been defirsedfar
Coverage optimisation methods

Decision optimisation methods

»However, combinationsof the two above methodsand
hybrid, ad hoc, methods are often used
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MCS DESIGN

Feature Design Ensemble Design

Classifier Design Fuser Design

Performance Performance
Evaluation Fvaluation

Coverage optimisation methods. a Smple fuseris given without any
design.The goal is to createa set of complementaryclassifiers
thatcanbe fused optimally

-Bagging Random Subspacetc.

Decision optimisation methods. a set of carefully designedand
optimised classifiersis given and unchangeablethe goal is to
optimisethefuser

Mini Tutorial on Multiple Classifier Systems - F. Roli  School on the Analysis of Patterns - 2009




MCS DESIGN

¥ Decisionoptimisationmethodto MCS designis often used
when previously carefully designedclassifiersare available
or valid problemand designeknowledge is available

¥ Coverageoptimisation method makes sensewhen creating

carefully designed,GtrongQ classifiersis difficult, or time
consuming

¥Mntegrationof the two basicapproaches is often used

However, in general, no design method guarantees to obtain the

“optimal” ensemble for a given fuser or a given application (Roli
and Giacinto, 2002)

e The best MCS can only be determined by performance
evaluation.
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Question...

Explain why classifier selection should, in
principle, always outperform individual
classifiers. Try to provide a theoretical

explanation.
Why it can fail in practice?

Send me via mail ( ) your justified
answer
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The very last question...

Identify an application/problem, if any, for which
fusion of multiple classifiers does not work (i.e., does
not provide any benefit)

Send me via mail ( ) your justified
answer
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